Disordered systems like liquids, gels, glasses, or granular materials are not only ubiquitous in daily life and in industrial applications but they are also crucial for the mechanical stability of cells or the transport of chemical and biological agents in living organisms. [1] [2] [3] Despite the importance of these systems, their microscopic structure is understood only on a rudimentary level, thus in stark contrast to the case of gases and crystals. 1, 4 Experimental and theoretical investigations indicate that disordered systems have a structural order on the length scale of a few particle diameters but which then quickly vanishes at larger distances. 5 This conclusion is, however, based mainly on the behavior of two-point correlation functions such as the static structure factor or the radial distribution function. 5, 6 Whether or not disordered systems have an order that extents to larger length scales is therefore a highly important question that is still open. 7-10 Here we use computer simulations to show that liquids have an intricate structural order given by alternating layers with icosahedral and dodecahedral symmetries and which extends to surprisingly large distances. We show that the temperature dependence of the corresponding length scale can be detected in the static structure factor, making it directly accessible to scattering experiments. These results, obtained by a novel type of four point correlation function that probes directly the particle density in three dimensions, show that liquids are far more ordered than envisaged so far but that this structural information is encoded in non-standard correlation functions. The structure of complex systems is usually determined from scattering experiments which give access to the static structure factor S( q), q is the wave-vector, and for crystals such measurements allow to obtain a complete knowledge of the structure of the material. [4] [5] [6] This is not the case for disordered materials since these are isotropic and hence S( q) depends only on the norm q = | q|, i.e., the whole three dimensional structural information is projected onto a single function S(q). This projection entails a huge loss of structural information, which subsequently has to be recovered, at least partially, from physical arguments on the possible arrangement of the particles. Since for intermediate and large length scales no such arguments exist, our current knowledge about the packing of the particles is restricted to length scales of 2-3 particle diameters 7, 8, [11] [12] [13] [14] [15] [16] [17] [18] whereas there is very little insight regarding the structure on larger scales.
The structure of complex systems is usually determined from scattering experiments which give access to the static structure factor S( q), q is the wave-vector, and for crystals such measurements allow to obtain a complete knowledge of the structure of the material. [4] [5] [6] This is not the case for disordered materials since these are isotropic and hence S( q) depends only on the norm q = | q|, i.e., the whole three dimensional structural information is projected onto a single function S(q). This projection entails a huge loss of structural information, which subsequently has to be recovered, at least partially, from physical arguments on the possible arrangement of the particles. Since for intermediate and large length scales no such arguments exist, our current knowledge about the packing of the particles is restricted to length scales of 2-3 particle diameters 7, 8, [11] [12] [13] [14] [15] [16] [17] [18] whereas there is very little insight regarding the structure on larger scales.
Whether or not disordered systems have indeed a structural order that extents beyond a few particle diameters is one of the central questions of glass science since various theoretical approaches connect the slowing down of the relaxation dynamics to the presence of an increasing static length scale, 1, 10, 19, 20 although this mechanism is challenged by other theories. 21 As a consequence there have been a multitude of proposals regarding the nature and definition of such a growing length, but so far no consensus has emerged regarding the best choice, notably in the generic case of multi-component systems. 7, 10-12, 22, 23 In the present work we use a novel approach to reveal that liquids do have highly non-trivial correlations up to distances well beyond the first few neighbors.
The system we consider is a binary mixture of Lennard-Jones particles (80% A particles and 20% B particles) that is not prone to crystallization even at low temperatures (see Methods). 24 We study the equilibrium properties of this liquid in a temperature range in which the system changes from a very fluid state to a moderately viscous one, i.e. 5.0 ≥ T ≥ 0.40. To probe the three dimensional structure of the system we introduce a local coordinate system as follows:
Take any three A particles that touch each other, i.e., they form a triangle with sides that are less than the location of the first minimum in the radial distribution function g(r), i.e.≈ 1.4
(see Extended Data Fig. 1 ). We define the position of particle #1 as the origin, the direction from particle #1 to #2 as the z−axis, and the plane containing the three particles as the z − x−plane (Fig. 1a) . This local reference frame allows to introduce a spherical coordinate system θ, φ, r and to measure the probability of finding any other particle at a given point in space, i.e. to measure a four point correlation function. Note that this coordinate system can be defined for all triplets of neighboring particles and these density distributions can be averaged to improve the statistics. Since this coordinate system is adapted to the configuration by the three particles it allows to detect angular correlations that are not visible in g(r) or in previously considered structural observables.
Figure 1c-l shows the three dimensional normalized distribution ρ(θ, φ, r) of the particles on the sphere of radius r centered at a particle #1. We recognize that ρ(θ, φ, r) has a noticeable angular dependence not only at small distances but also at intermediate ones, e.g. at r = 4.5, and at low T even at large ones, e.g., r = 8.0 (Fig. 1l) , demonstrating that the liquid has a nontrivial structural order that extents to distances that are well beyond the first few neighbor shells.
Furthermore one notes that ρ(θ, φ, r) has a highly symmetric shape: For distances r ≈ 1, i.e., the first nearest neighbor shell, one finds the expected icosahedral symmetry, 13, 15 see Extended Data (Fig. 2 , c and h), corresponding to the distance between the first minimum and the second nearest neighbor peak in g(r), one observes a dodecahedral-like symmetry. This result can be understood by recalling that a dodecahedron is the dual of an icosahedron, and vice versa ( Fig. 1b) and hence the local dip formed by three neighboring particles in the first shell will be occupied by particles forming part of the second shell, thus giving rise to a dodecahedral symmetry. The fact that this "duality mechanism" works even at large distances, see below, is surprising since it contradicts the standard view that in liquids correlations are quickly washed out at large distances. We emphasize that for geometrical reasons at large r a region with high ρ(θ, φ, r) is not a single particle, but a structure that grows linearly with r and hence is a whole collection of particles, i.e., for fixed r the structure is given by patches with a high density of particles that alternate with patches with low density.
The standard way to characterize in a quantitative manner the density distribution on a sphere is to decompose it into spherical harmonics
, where the expansion coefficients ρ m l are given in the Methods, and to consider the angular power spectrum S ρ (l, r) = (2l + 1)
For this system the component with l = 6 is the most prominent one (Extended Data Fig. 3a) , independent of r, a result that is reasonable in view of the icosahedral and dodecahedral symmetries that we find in the density distribution. (For systems like SiO 2 which have a local tetrahedral symmetry the relevant index is instead l = 3.) We emphasize, however, that the results presented below do not change qualitatively if another value of l is considered (Extended Data Fig.   3b ).
In Fig. 2 we show the r−dependence of S ρ (6, r) at a high and low temperature and one sees that the signal decays quickly with increasing r. Figure 1k shows that for the distance r = 5.85
the density distribution has a pronounced structure although Fig. 2b shows that at this r the absolute value of S ρ (l, r) is small. This smallness is due to the fact that S ρ (l, r) is not only sensitive to the angular dependence of the distribution, but also to the amplitude of the signal.
In order to probe the symmetry properties of the density distribution it is therefore useful to
where ρ max (r) and ρ min (r) are the maximum and minimum of ρ(θ, φ, r), respectively. The angular power spectrum of η(θ, φ, r), S η (r), is included in Fig. 2a /b as well and we see that this quantity oscillates around a constant value which shows that the density distribution has a pronounced angular dependence even at intermediate distances. For distances larger than a threshold ξ η (T ), S η (r) starts to decay before it reaches at large r a value that is determined by the noise of the data and below we will discuss the T −dependence of ξ η (T ). (See Methods for a precise definition of ξ η .)
Most remarkable is the observation that for distances larger than r ≈ 2.0 the height of the local maxima in S η (r) shows a periodic behavior in that a high maximum is followed by a low one. A visual inspection of ρ(θ, φ, r) reveals that these high/low maxima correspond to distances at which the distribution has an icosahedral/dodecahedral symmetry demonstrating that these two geometries are not only present at short distances but also at large ones, in agreement with the snapshots in Fig. 1 . One thus concludes that the distribution of the particles in three dimensions is given by shells in which the particles are arranged in a pattern with alternating icosahedral/dodecahedral symmetry, see Fig. 2c . For distances larger that r ≈ 4 one finds that the radial position of these two geometrical arrangements match well the locations of the minima/maxima in g(r) (Fig. 2, a and b) . This observation can be rationalized by the fact that a dodecahedron has 20 vertices (i.e., regions in which ρ(θ, φ, r) has high values) and an icosahedron only 12, thus making that the former structure corresponds to the maxima of g(r) and the latter to the minima. In contrast to this one finds no noticeable correspondence between the peaks in S η (r) and g(r) for r < 3, see also Extended Data Fig. 4 , indicating that the packing in the first few shells around the central particle has not just a pure icosahedral or dodecahedral symmetry but a more complex structure that is determined by steric and energetic considerations, a result that is in agreement with previous studies of similar systems that have probed the geometry of the packing on small length scales. 8, 11, 16, 17 The distance ξ η (T ) at which S η (r) starts to drop, see Ref. 10 and references therein. Surprisingly the crossover between the two regimes occurs at around T = 0.8, thus very close to the so-called "onset temperature" T o 24 at which the relaxation dynamics of the system crosses over from a normal dynamics to a glassy one. 1 This result
shows that the change in the dynamical properties of the system has a counterpart in the statics, giving hence support to the idea that the latter allows to understand the former. 25 Since the T -dependence of ξ g is very similar to the one of ξ η , Fig. 3 , one can expect that also the intensity of the static structure factor S(q) at small wave-vectors has the same T −dependence. Extended Data Fig. 6d shows that this is indeed the case (and the same conclusion is reached for the compressibility) which thus makes this T −dependence accessible to standard scattering experiments, i.e., a careful measurement of the structure factor allows to determine the T -dependence of the length scale ξ η as well as the onset temperature in a direct manner, i.e., without referring to any probe of the dynamics.
In conclusion we have demonstrated that liquids have a non-trivial structural correlation that extents to distances well beyond the first few nearest neighbors. This result has been obtained by using a novel method to analyze the particle coordinates and which can thus be applied to any other disordered system for which the particle coordinates are accessible, such as colloidal and granular systems, or materials in which some of the particles have been marked by fluorescence techniques. 18, [26] [27] [28] [29] Our finding that disordered systems can have anisotropic structural order extending to large length scales should trigger the improvement of experimental techniques that probe this order. for different values of r, i.e., the distribution of the particles that are in a spherical shell of radius r and thickness 0.4 around the central particle. T = 2.0 (c to g) and T = 0.4 (h to l).
In the reddish areas the density is high and in the bluish areas the density is low. Depending on the distance r the high density regions show an icosahedral (d, i, f, and k) or dodecahedral symmetry (c, h, e, j, and l). 
where Y m * l is the complex conjugate of the spherical harmonic function of degree l and order m. In practice this integration was done by sampling the integrand over up to 2 · 10 9 points for each shell of width 0.4.
Radial distribution functions. In Extended Data Fig. 1 we show the three partial radial distribution functions g(r) as well as the correlation function between an A particle and any other particle (AN). The curves correspond to different temperatures (see legend). These graphs show that the T −dependence of g(r) is very smooth, as expected for a system that is a good glassformer.
Three dimensional distribution of the particles in the nearest neighbor shell. In Fig. 1 of the main text we show the angular distribution of the particle density for intermediate and large distances r. In Extended Data Fig. 2 we present this distribution for a distance that corresponds to the first coordination shell of the central particle. This graph clearly shows that this first shell has an icosahedral-like symmetry, as expected for a hard-sphere like simple liquid.
l−dependence of the angular power spectrum. In the main text we focus on the results for the index l = 6 in the expansion of the spherical harmonics of the density distribution. In Extended
Data Fig. 3a we show the l−dependence of the angular power spectrum S ρ (l, r) for selected distances r. From this graph one recognizes that for l = 6 the signal is relatively strong for all distances and hence this value for the index is a good choice for probing the structural order in the liquid. However, as mentioned in the main text, the presented results do not depend in a crucial manner on the choice of l. This is demonstrated in Extended Data Fig. 3b where we compare the r−dependence of S ρ and S η for l = 7 with the ones for l = 6, i.e., the data shown in the main text. This figure clearly demonstrates that the r−dependence of the two quantities does not depend in a significant manner on l. (The main difference is that the signal for l = 7
is somewhat smaller than the one for l = 6, a result that is directly related to the fact that in this system the particles are arranged in shells with a pronounced icosahedral and dodecahedral symmetry and that these two structures have a relatively strong l = 6 component in the angular power spectrum.) Therefore the corresponding length scales (see Fig. 3 in the main text), the radial distribution function, as well as the signal of the static structure factor at small wavevector will all show a similar dependence on temperature (see also Extended Data Fig. 6 
below).
Angular power spectra and radial distribution function at short distances. In Fig. 2 of the main text we have shown how the angular power spectra S ρ (r) and S η (r) and the radial distribution function g(r) depend on the distance r. In Extended Data Fig. 4 we show these functions at small distances, i.e., r < 5.0. One recognizes from this graph that at these small distances, in particular for r < 3.0, the r−dependence is rather complex due to the local packing effects of the particles. Only for distances larger than around 4.0 the r−dependence of the three functions becomes regular in that the shape of the various peaks becomes independent of r. Thus this distance indicates the crossover between a structure at small r that is determined by local packing effects to a structure at large r that is determined by symmetry considerations. This symmetry at large r is in turn determined by the packing at small r, i.e., in our case the icosahedra-like structure.
Extracting length scales. From Structure factor and compressibility. The static structure factor of the system was determined directly from the positions of the particles, i.e.,
Since the system is isotropic, we have averaged S( q) over all wave-vectors q that have the same norm q = | q|. In Extended Data Fig. 6a we show the q−dependence of S(q) for different temperatures. Because of the finite size of the box, the smallest accessible wave-vector is q = 2π/43.68 ≈ 0.144 and one has only three independent wave-vectors with this modulus. In order to estimate with good accuracy the T −dependence of S(q) at small wave-vectors we have therefore averaged S(q) over the range 1.0 ≤ q ≤ 2.0. This interval is shown in Extended Data In order to see better the T −range in which this fit works well, we show in Extended Data Fig.   6d the ratio between S 0 and this power-law. One recognizes that this ratio shows an appreciable T −dependence for T ≥ 0.85, but then becomes flat, i.e. the quantity S 0 does indeed show a crossover at around the onset temperature T o ≈ 0.8. This result is thus coherent with the data shown in Fig. 3 of the main text and hence we can conclude that at the onset temperature the static structure of the system on large scales is indeed changing its temperature dependence.
Furthermore we mention that we have also studied the temperature dependence of S 0 (T ) in the constant pressure ensemble. The chosen pressure was P = 8.0 since this corresponds to the pressure at the onset temperature in the constant volume ensemble and hence it can be expected that the onset temperature in the two ensemble are very similar. The resulting static structure factor is presented in Extended Data demonstrates that the T −dependence of the large scale structure shows at the onset temperature a marked change which is independent of the considered ensemble.
For the simulations at constant pressure we have determined also the compressibility κ = (∆V ) 2 /(k B T V ), where (∆V ) 2 is the variance of the volume fluctuation. In Extended Data Fig.   6c we present thus also κ(T ) and we recognize that this quantity shows a similar temperature dependence as S 0 , as expected. Also in this case we find that the data at low T can be described very well by a power-law (solid magenta line). In Extended Data Fig. 6d we show this in an explicit manner and one sees that the description with the power-law starts to break down at around T = 0.85, i.e., the same temperature at which S 0 starts to deviate from the power-law.
Thus one can conclude that also a careful measurement of the compressibility does allow to estimate the onset temperature T o with good accuracy, or in other words, this temperature that is usually obtained from dynamic data can be extracted also from high precision static data.
Anisotropic radial distribution function. In Fig. 2 of the main text and Extended Data Fig.   1 we have presented the standard radial distribution function g(r), i.e., the density distribution averaged over the sphere with radius r. Since we find that the distribution of the particles around a central particle is anisotropic it is of interest to consider also the radial distribution functions in which one probes the correlations in a specific direction with respect to the local coordinate system, Fig. 1a . We have done this analysis for the directions that correspond to the vertices of the icosahedra and of the dodecahedra, thus defining g I (r) and g D (r), respectively. The resulting distribution functions are shown in Extended Data Fig. 7 . Panel a shows that, for intermediate and large distances, g D (r) has oscillations that are in phase with g(r) whereas g I (r)
has oscillations that are in anti-phase. The amplitudes of the oscillations in g I (r) and g D (r)
are significantly larger than the ones found in g(r), a result that is reasonable since the latter function is a weighted average of the two former ones and hence will be affected by cancellation effects. Furthermore we have done the same analysis also for the distribution function in the direction that corresponds to the mid-point of the line connecting two neighboring vertices of an icosahedron and a dodecahedron, defining thus g 0 (r). This correlation function is included in Extended Data Fig. 7a as well and we see that it shows significantly smaller oscillations than g(r), a result that is expected since one probes the structure in a direction which does not pass close to the locations that correspond to the vertices of the icosahedra/dodecahedra. Panel b
shows that the length scale over which g(r), g I (r), and g D (r) decay is basically independent of the function considered, demonstrating that they are indeed closely related to each other.
[30] S. Plimpton, Fast parallel algorithms for short-range molecular dynamics. J. Comp. Phys. 117, 1 (1995). Fig. 7 . Anisotropic radial distribution function. Radial distribution function as measured in the direction of the vertices of the icosahedra, g I (r) and the direction of the vertices of the dodecahedra, g D (r). The function g 0 (r) probes the structure in the direction corresponding to the mid-point of the line connecting two neighboring vertices of an icosahedron and a dodecahedron. Panels a and b show these functions on a linear and log-scale, respectively. Also included is g(r), i.e., the radial distribution function averaged over all directions.
Movie S1.
This movie shows the density distribution ρ(θ, φ, r) as a function of the distance r (left panel).
The right panel shows the partial radial distribution function for A-N pairs (blue curve) as well as the normalized angular power spectrum S η (6, r) (red curve). The center of the vertical moving bar indicating the radius r shown in the left panel. The temperature is T = 2.0.
Movie S2.
The right panel shows the partial radial distribution function for A-N pairs (blue curve) as well as the normalized angular power spectrum S η (6, r) (red curve). The center of the vertical moving bar indicating the radius r shown in the left panel. The temperature is T = 0.4.
